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Introduction
Let G be a subgraph of K v , the complete undirected graph on v vertices. A G-design of K v is a pair (V, B), where V is the vertex set of K v and B is an edge-disjoint decomposition of K v into copies of the graph G. Usually we say that b is a block of the G-design if b ∈ B, and B is called the block-set.
A path design P (v, s, A balanced G-design [1, 2] 
is a G-design such that each vertex belongs to the same number of copies of G. Obviously not every G-design is balanced. A (balanced) G-design of K v is also called a (balanced ) G-design of order v. A handcuffed design H(v, s, 1) is a balanced (s − 1)-path design of order v and block size s.
Clearly a H(v, 2, 1) (V, B) exists for every v ≥ 2 because V is a v-set and B is the set of all 2-subsets of V . S. H. Y. Hung and N. S. Mendelsohn [1] An m-cycle system of order n (mCS) is a C m -design of K n , where C m is the m-cycle
The obvious necessary conditions for the existence of an mCS of order n are: (1) n ≥ m, if n > 1; (2) n is odd; (3) n(n − 1)/2m is an integer. The sufficiency of these conditions has been proved in several classes, namely when 2m divides either n or n − 1, and for all n when m ≤ 50 (but not in general, though no counter example is known). For the history of the problem and detailed references, see [5] .
Let (W, C) be an mCS of order n and let (Ω, P) be a H(v, s, 1) such that Ω ⊂ W and 2 ≤ s ≤ m − 1. We say that (Ω, P) is contained in (W, C) if for every p ∈ P there is an m-cycle c = (a 1 , a 2 For every triple of integers n, m and s, such that there exists an m-cycle system of order n and 2 ≤ s ≤ m − 1, let us denote by θ(n, m, s) the maximum admissible v such that there is an mCS of order n containing a H(v, s, 1).
is contained in the 4CS (W, S ∪ T ) of order 9. Clearly, no H(v, 2, 1) with v > 4 may be contained in any 4CS of order 9, thus θ(9, 4, 2) = 4.
is contained in the 4CS (W, S ∪ T ) of order 9 and so clearly θ(9, 4, 3) = 5.
It is easy to see that there is neither a H(4, 2, 1) nor a H(5, 3, 1) contained in the 4CS (Z 9 , C).
In order to give a geometric interpretation to the above definition of a H(v, s, 1)
contained in an mCS of order n, we need some definitions.
Let (W, C) be an mCS of order n and let Ω ⊂ W , |Ω| = v < n. Let s be an integer such that 2 ≤ s ≤ m − 1. The m-cycle c = (a 1 , a 2 , . . . , a m ) is said to be s-secant to Ω if there is a k ∈ {1, 2, . . . , m} such that a k−1 , a k+s ∈ Ω and a k+i ∈ Ω for every i = 0, 1, . . . , s − 1 (the indices are reduced to the range {1, . . . , m} (mod m)).
The m-cycle c is said to be 1-secant or tangent to Ω in
The m-cycle c is said to be 0-secant or exterior to Ω if |{a 1 , a 2 , . . . , a m } ∩ Ω| = 0. In Examples 1 and 2 the 4-cycles of S are 2-secants and 3-secants respectively, and the 4-cycles of T are tangents. Moreover note that for every x ∈ Ω there is exactly one tangent to Ω meeting x.
It is easy to see that an mCS of order n (W, C) contains a H(v, s, 1) if and only if there exists Ω ⊂ W , |Ω| = v < n, such that: (1) every m-cycle of C is s-secant, or tangent, or exterior to Ω (note that the same m-cycle could be both tangent and s-secant); (2) for every x ∈ Ω there are exactly t ≥ 0 tangents to Ω meeting x.
In geometric terminology such a set Ω is called a set of type (0, 1, s) having exactly t ≥ 0 tangents at each one of its points. For s = 2 and t = 1, Ω is known as an oval. For s = 2 and t = 0, Ω is known as a hyperoval [3, 4] .
If m = 3 then s = 2 and θ(n, m, s) is the size of a hyperoval (oval) contained in a Steiner triple system of order n ≡ 3 or 7 (mod 12) (n ≡ 1 or 9 (mod 12)). Then from [4, 6] , it follows that
Since for every v ≥ 2 a H(v, 2, 1) is the set of all 2-subsets of Ω, we obtain the following result.
Theorem 1 Let n ≡ 1 or 3 (mod 6). For every integer v, 2 ≤ v ≤ θ(n, 3, 2) there is a Steiner triple system of order n containing a H(v, 2, 1).
In this paper for each n ≡ 1 (mod 8) and for each s ∈ {2, 3}, we determine all the integers v such that there is a 4-cycle system of order n containing a handcuffed design of order v and block size s.
Case s = 2
It is well-known [5] that the spectrum for 4CS is precisely the set of all n ≡ 1 (mod 8). 
Construct the block-set C by putting on it all the 4-cycles of every C i as well as the blocks: (a 4CS of order n containing a H(v, 2, 1 ).
Case s = 3
In the following lemma we give an upper bound on θ(n, 4, 3).
Lemma 1 For every t = 1, 2, 3 and for every
.
Proof. Let (W, C) be a 4CS of order n containing the H(v, 3, 1) (Ω, P).
There are exactly
2-paths of P meeting the same point x ∈ Ω. Then there is an integer t ≥ 0 such that
. The proof follows from this equality and the condition v ≡ 1 (mod 4). ✷ Lemma 2 For every n ≡ 9 (mod 24), θ(n, 4, 3) = 2n−3 3
Proof.
Put n = 9 + 24k. The case k = 0 follows from Example 2. Let k ≥ 1. For i = 1, 2, . . . , 1 + 4k let (W i , C i ) be the 4CS of order 9 isomorphic to the 4CS of order 9 constructed in Example 2 based on the point set
For the sake of brevity we define, for every ρ 1 , ρ 2 , ρ 3 , α, β ∈ {1, 2, . . . , 1 + 4k}, the following set of sixteen 4-cycles (the indices h + 1, h + 2 and h + 3 are reduced to the range {1, 2, 3, 4} (mod 4)):
h , a β 6 ) for each h = 1, 2, 3, 4 . We now construct a 4CS (W, C) of order n. The blocks of C are the following.
(I)
All the blocks of C 1 and, for every i = 2, 3, . . . , 1 + 4k, the blocks of D(2+4j, 1+4j, 3+4j, 1, 4), D(4+4j, 2+4j, 5+4j, 1, 2), D(2+4j, 3+4j, 4+4j, 3+  4j, 5+4j), D(1+4j, 4+4j, 5+4j, 3+4j, 4+4j), D(3+4j, 5+4j, 1+4j, 2+4j, 5+4j) .
These blocks are exteriors to Ω.
(III) For every j = 0, 1, . . . , k−1 the blocks (a ). These blocks are exteriors to Ω. every j = 1, 2, . . . , k − 1 and ρ = 1, 3, 5, . . . , 2j − 1 the blocks of the following sets: D(2ρ − 1, 4+4j, 2ρ, 2+4j, 3+4j), D(2ρ − 1, 5+4j, 2ρ, 4+4j, 5+4j) .
These blocks are 3-secants to Ω. ). These blocks are exteriors to Ω.
Let P be the set of 2-paths of K 5+16k on the vertex set Ω which occur in the 4-cycles of C 3-secants to Ω. A direct verification shows that (W, C) is a 4CS of order n = 9 + 24k containing the H(5 + 16k, 3, 1) (Ω, P). ✷ n 1 containing a H(v 1 , 3, 1), v 1 = θ(n 1 , 4, 3) , then there is a 4CS of order n = n 1 + 8 containing a H(v 1 + 4, 3, 1).
Lemma 3 If there exists a 4CS of order
Proof. For t = 1, 2, 3 let n 1 = 1 + 8t + 24k and let (W 1 , C 1 ) be the 4CS of order n 1 containing the H(v 1 , 3, 1) (
Let
Step 1. By the well-known embedding v 1 → v 1 + 4 [1] embed (Ω 1 , P 1 ) in the H(v, 3, 1) (Ω, P) and append to each 2-path of P\P 1 a point of W \Ω in order to obtain a partial 4CS (W, T ). The blocks of T are the following.
(I) All the blocks of C 1 .
(II) The blocks (a v 1 +1 , a v 1 , a v 1 +2 , b σ+1 ), (a v 1 +2 , a v 1 +1 , a v 1 +3 , b σ+2 ), (a v 1 +3 , a v 1 +2 , a v 1 +4 , b σ+1 ),  (a v 1 , a v 1 +3 , a v 1 +4 , b σ+3 ), (a v 1 , a v 1 +4 , a v 1 +1 , b σ+2 ) and, for j = 0, 1, . . . ,
, the blocks (a v 1 +1 , a 1+4j , a v 1 +2 , b 1+j ), (a v 1 +1 , a 2+4j , a v a 3+4j , a v 1 +1 , a 4+4j , b σ+1 ), (a 3+4j , a v 1 +2 , a 4+4j , b σ+2 ) .
These blocks are secants to Ω.
Step 2 Theorems 4 and 5, and the well-known embedding n → n + 8 for 4CS [5] implie our main result. order n containing a H(v, 3, 1) .
